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Abstract
For each non-constant q in the set of n-variable Boolean functions, the q-
transform of a Boolean function f is related to the Hamming distances from f to
the functions obtainable from q by nonsingular linear change of basis. Klapper
conjectured that no Boolean function exists with its q-transform coefficients
equal to ±2n/2 (such function is called q-bent). In our early work, we only gave
partial results to confirm this conjecture for small n. Here we prove thoroughly
that the conjecture is true by investigating the nonexistence of the partial
difference sets in Abelian groups with special parameters. We also introduce
a new family of functions called almost q-bent functions, which are close to
q-bentness.
Keywords. Boolean function, Walsh-Hadamard transform, q-transform, q-bent func-
tion, partial difference set
1 Introduction
Since Rothaus invented bent Boolean functions in 1976 [11] they have been of signifi-
cant interest to researchers. Bent functions are those functions that are as nonlinear as
possible according to a certain theoretical bound. More precisely, Parseval’s identity
says that the sum of the squares of the Walsh-Hadamard coefficients of any Boolean
function f on n bits is 22n. This implies that at least one affine function has distance
no more than 2n−1 − 2n/2−1 from f . Bent functions are those Boolean functions for
which the minimum distance to the affine functions is exactly 2n−1−2n/2−1. They are
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important in cryptology because they are most resistant to a linear approximation
attack.
Recently Klapper generalized the Walsh-Hadamard transform to a class of trans-
forms, each transform associated with a non-constant Boolean function q [5]. This
transform allows us to reason about the distance from the set of functions obtained
from q by a linear change of coordinates. The case when q is linear is essentially the
Walsh-Hadamard transform. When q is balanced, there is an analog of Parseval’s
identity and a bound on the minimum distance from a Boolean function to the set
of functions obtained from q by a linear change of coordinates. This leads naturally
to a notion of q-bent function, those functions whose distance to that set meets the
theoretical bound. More details on transforms and bent functions are discussed in
Section 2.
We conjectured that in fact, when q is not affine, there are no q-bent functions [5].
In a later paper we proved that, when q is not affine, no function is both bent and
q-bent [6]. The main purpose of this paper is to settle (positively) the full conjecture.
This appears in Section 3. The main technique used for this proof is the theory
of partial difference sets. In addition, in Section 4 we introduce a notion of almost
q-bentness which measures how close a function is to being q-bent.
2 The Definition of q-bent Functions
Let n be a positive integer, let Vn = {0, 1}n, treated as row vectors, and let Bn =
{f : Vn → {0, 1}}, the set of Boolean functions of dimension n. We refer the reader
to Carlet’s book chapter [1] and Cusick and Sta˘nica˘’s monograph [2] for background
on Boolean functions.
For f, g ∈ Bn, let
W (f, g) =
∑
a∈Vn
(−1)f(a)+g(a) ∈ Z.
Also let d(f, g) = |{a ∈ Vn : f(a) 6= g(a)}|, the Hamming distance from f to g. Then
W (f, g) = 2n − 2d(f, g).
We denote by wt(f) the weight of f ∈ Bn, which is the cardinality of the support of
f , supp(f) = {a ∈ Vn : f(a) = 1}. Then we have d(f, g) = wt(f + g), so
W (f, g) = 2n − 2wt(f + g).
For a, v ∈ Vn let v · a denote the inner product of a and v, and let g ∈ Bn be the
linear function g(a) = v · a. The Walsh-Hadamard transform coefficient of f ∈ Bn at
v is W (f)(v) =W (f, g). Parseval’s identity says that
∑
v∈Vn
(W (f)(v))2 = 22n.
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A function f ∈ Bn with |W (f)(v)| = 2n/2 for all v ∈ Vn is called a bent function.
For bent functions on n bits to exist it is necessary that n be even. It is well known
that bent functions exist for all even n. For example, a quadratic function is bent if
and only if it has rank n.
Recently Klapper generalized the Walsh-Hadamard transform to a class of trans-
forms, each transform associated with a non-constant q ∈ Bn as follows [5]. Let
GLn = GLn(F2) be the set of n × n invertible matrices over F2, the finite field with
two elements. Let qA denote the function qA(a) = q(aA) for q ∈ Bn and A ∈ GLn.
Definition 2.1. Let q ∈ Bn. If f ∈ Bn and A ∈ GLn, then the q-transform coefficient
of f at A is Wq(f)(A) = W (f, qA). We also let Wq(f)(0) =
∑
a∈Vn
(−1)f(a) , If ,
where 0 denotes the zero matrix of n× n.
We note that Wq(f)(A) is even for all A ∈ GLn ∪ {0}. Here If denotes the
imbalance of f . If = 0 if and only if f is balanced.
Klapper considered the statistical behavior of the q-transform with respect to two
probability distributions [5]. For a random variable X on GLn∪{0}, let E ′[X ] denote
the expected value of X with respect to the uniform distribution on GLn and E[X ]
denote the expected value of X on GLn ∪ {0} with respect to ω, respectively, where
ω is a probability distribution on GLn ∪ {0} defined by
ω(A) =
1
N +N/(2n − 1) =
2n − 1
2nN
for A ∈ GLn and
ω(0) =
N/(2n − 1)
N +N/(2n − 1) =
1
2n
,
where N = |GLn|, which is the cardinality of the set GLn. Such choice of ω matches
the standard distribution in the linear case. Then, for balanced q ∈ Bn, we have
E ′[Wq(f)(A)
2] = (22n − I2f )/(2n − 1),
and so
E[Wq(f)(A)
2] = 2n.
This is the generalization of Parseval’s equation, which leads to the notion of q-bent
functions.
Definition 2.2. ( [5]) Let q ∈ Bn be balanced. A function f ∈ Bn is q-bent if
|Wq(f)(A)| = 2n/2 for all A ∈ GLn ∪ {0}.
Equivalently, the minimum distance from a q-bent function to {qA, qA + 1 : A ∈
GLn ∪ {0}} is 2n−1− 2n/2−1. As with bent functions, q-bent functions do not exist if
n is odd. If q is linear, f is q-bent if and only if it is bent. However, for non-affine
balanced q, there are no known examples of q-bent functions and hence Klapper
conjectured:
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Conjecture 2.3. ( [5]) There are no q-bent functions for non-affine balanced func-
tions q ∈ Bn.
It is true for n = 4 by exhaustive search [5]. We also confirmed the conjecture if
the rank of q is less than 3n/8 or if n is small [6], in which we have checked for n ≤ 22
by searching the partial difference sets in Vn, see the definition in Section 3.
In the following two sections, we show that Conjecture 2.3 is true for all even
n by proving the nonexistence of partial difference sets with special parameters in
Abelian groups. Then we introduce a new family of functions called δ-almost q-bent
functions, where δ is a nonnegative integer.
3 Nonexistence of q-bent functions
In this section we prove Conjecture 2.3.
Theorem 3.1. Let n ≥ 4 be even. No q-bent functions exist for non-affine balanced
q ∈ Bn.
To prove this theorem, we use the tool of partial difference sets due to the fact that
any q-bent function has three-valued autocorrelation for non-affine balanced q ∈ Bn
if it exists [6].
We now recall the notion of partial difference set [3, 4, 8–10]. Let (G,+) be an
Abelian group1 of order v with identity 0 and let D be a k-subset of G. The different
function of D is defined by
dD(e) = |(D + e) ∩D|, e ∈ G,
where D+ e = {d+ e : d ∈ D} and |Z| is the cardinality of a set Z. Then D is called
a (v, k, λ, µ) partial difference set (briefly, PDS) in G if
dD(e) =
{
λ, if 0 6= e ∈ D,
µ, if 0 6= e ∈ G \D.
Furthermore, if 0 6∈ D and −D = D, where −D := {−d : d ∈ D}, then the partial
difference set D is called regular.
A PDS D is called trivial if either D ∪ {0} or G \ D ∪ {0} is a subgroup of G.
Otherwise D is called nontrivial. For details on PDSs, the reader is referred to the
work by Ma [8–10].
By [8, Proposition 3.1], If D is a partial difference set in an Abelian group (G,+)
with −D = D, so are D ∪ {0}, D \ {0}, G \D, (G \D) \ {0}, and (G \D) ∪ {0}.
We have previously proved the following theorem.
1In some papers G is a group with addition [3,4], while in others G is a group with multiplication
[8–10].
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Theorem 3.2. ( [6]) Let n ≥ 4 be even. Let f ∈ Bn be q-bent for non-affine balanced
q ∈ Bn.
(1) If 0n 6∈ supp(f), then supp(f) is a (2n, wt(f), λ, µ) regular partial difference set
in Vn.
(2) If 0n ∈ supp(f), then Vn \ supp(f) is a regular (2n, 2n − wt(f), λ, µ) partial
difference set in Vn.
In both cases above, λ 6= µ.
For the remainder of this section we assumee that D is a non-trivial regular
(v, k, λ, µ) PDS in an Abelian group (G,+). Let
∆ = (λ− µ)2 + 4(k − µ).
The following lemma includes some known results of PDSs. For our purpose, we
will put more restrictions on |D|.
Lemma 3.3. Let G be an Abelian group of order v and D a k-subset of G with
2 ≤ k < v − 1. If D is a non-trivial regular (v, k, λ, µ) PDS in G, then
(1) 0 ≤ λ < k, 1 ≤ µ < k;
(2) v,∆, and v2/∆ have the same prime divisors;
(3) (2k − (λ− µ))2 ≡ 0 (mod ∆); and
(4) if ∆ is a square, then −√∆ < λ− µ < √∆− 2.
Proof. By [10, Lemma 1.3].
The notation si‖t means that si|t but si+1 ∤ t for integers s, t.
Lemma 3.4. Let G be an Abelian group of order 2n and D a k-subset of G. If D is
a non-trivial regular (2n, k, λ, µ) PDS in G satisfying 2ℓ‖k for some 1 ≤ ℓ < n and
λ 6= µ, we have
(1) ∆ = 22m for some positive integer m.
(2) 2ℓ+1‖(λ− µ).
Proof. (1): By Lemma 3.3(2), we see that ∆ is a power of two. By [8, Theorem
5.2] ∆ is a square, since otherwise the cardinality of G would be odd.
(2): By (1) in this lemma and Lemma 3.3(3), we can write
(2k − (λ− µ))2 = ε222m
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for some integer ε. Then we get that
2k − (λ− µ) = ±ε2m.
Under assumption, if we write k = (2k1 + 1)2
ℓ for some integers k1 and ℓ, we have
λ− µ = (2k1 + 1)2ℓ+1 ∓ ε2m.
Ifm ≤ ℓ+1, we see that 2m|(λ−µ). But Lemma 3.3(4) implies that |λ−µ| < √∆ = 2m
and so λ − µ = 0, a contradiction. Then we have m > ℓ + 1, which implies that
2ℓ+1‖(λ− µ).
Theorem 3.5. Let G be an Abelian group of order 2n with even n. For λ 6= µ, no
non-trivial regular (2n, 2n−1 ± 2n/2−1, λ, µ) PDS exists in G.
Proof. Suppose that D is a non-trivial regular (2n, k, λ, µ) PDS in G with k =
2n−1 ± 2n/2−1.
We consider the case where k = 2n−1 + 2n/2−1 here. The proof in the case where
k = 2n−1−2n/2−1 is similar2. By Lemma 3.4(2), since k = 2n/2−1(2n/2+1), we suppose
λ− µ = (2w + 1)2n/2 for some integer w. Then we consider the equation
∆ = (λ− µ)2 + 4(k − µ)
= (2w + 1)22n + 4(2n−1 + 2n/2−1)− 4µ
= (2w + 1)22n + 2n+1 − (4µ− 2n/2+1).
We note that, since 1 ≤ µ < k by Lemma 3.3(1), we have
−2n/2+1 < 4µ− 2n/2+1 < 2n+1.
So only the conditions that
{
4µ− 2n/2+1 = 2n
(2w + 1)2 = 1 + 2 + 22 + · · ·+ 22m−n−1
can guarantee ∆ = 22m by Lemma 3.4(1). However, 1 + 2 + 22 + · · · + 22m−n−1 =
22m−n−1 = (2(2m−n)/2+1)(2(2m−n)/2−1) is a product of two consecutive odd numbers,
which is not a square. This is a contradiction.
Proof of Theorem 3.1. Now, if f is q-bent for non-affine balanced q ∈ Bn, we have
wt(f) = 2n−1 ± 2n/2−1. This is impossible by Theorems 3.2 and 3.5.
2In this case, we use 4µ+ 2n/2+1 in place of 4µ− 2n/2+1.
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4 Almost q-bent functions
From above, q-bent functions don’t exist for non-affine balanced q ∈ Bn, we next ask
how close we can get to q-bentness. To that end we introduce a new class of Boolean
function, which is slightly different from the one in [6].
Definition 4.1. Let q ∈ Bn be balanced. A function f ∈ Bn is δ-almost q-bent if∣∣|Wq(f)(A)| − 2n/2∣∣ ≤ δ
for all A ∈ GLn ∪ {0}, where δ > 0 is an integer. The q-bentness of f is the least
integer δ such that f is δ-almost q-bent. The bendability of q is the minimum δ such
that there exists a δ-almost q-bent function.
Note that Definition 4.1 is valid for odd n as well as even. The bendability of
a balanced q is zero if and only if q is a non-zero affine function. A δ-almost q-
bent function is (δ + 1)-almost q-bent, but the converse is not in general true. Since
Wq(1 + f)(A) = −Wq(f)(A) for all A ∈ GLn ∪ {0}, we see that f is δ-almost q-bent
if and only if 1 + f is δ-almost q-bent. If f is balanced then Wq(f)(0) = 0. Thus if
δ < 2n/2, then a balanced f is not δ-almost q-bent.
Lemma 4.2. Let n > 2 be any integer (odd or even) and let q ∈ Bn be balanced. For
any f ∈ Bn and A ∈ GLn ∪ {0}, we have Wq(f)(A) ≡ 0 (mod 4) if wt(f) is even,
and Wq(f)(A) ≡ 2 (mod 4) if wt(f) is odd.
Proof. The results follow from the facts that Wq(f)(A) = 2
n − 2wt(f + qA) for
all A ∈ GLn, that Wq(f)(0) = 2n − 2wt(f), that wt(qA) = 2n−1, and that wt(f + qA)
equals the distance from f to qA.
Theorem 4.3. Let n ≥ 4 be an even integer and let q ∈ Bn be a non-affine balanced
function. Then
(1). no 3-almost q-bent function with even weight exists and
(2). no 1-almost q-bent function with odd weight exists.
Proof. (1). Suppose that f is 3-almost q-bent with even weight. Since 3 < 2n/2,
f is not balanced, hence is not affine. We have for all A ∈ GLn ∪ {0}
2
n
2 − 3 ≤ |Wq(f)(A)| ≤ 2n2 + 3.
By Lemma 4.2, we see that |Wq(f)(A)| = 2n/2 for all A ∈ GLn∪{0}, this is impossible
since no non-affine q-bent functions exist.
Statement (2) holds similarly.
Suppose n is even. From Theorem 4.3, if a non-affine f ∈ Bn with even weight is
δ-almost q-bent for balanced non-affine q ∈ Bn, then δ ≥ 4. Similarly, if an f ∈ Bn
with odd weight is δ-almost q-bent for balanced non-affine q ∈ Bn, then δ ≥ 2.
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Example 1. Let n = 4, q(x) = x1x2 + x3, and f(x) = x1x2 + x3x4 (so wt(f) = 6).
By direct computation we see that
|Wq(f)(A)| ∈ {0, 4, 8}, A ∈ GLn ∪ {0}.
Thus f is 4-almost q-bent (see a proof in the Appendix). We have also checked that no
2-almost q-bent functions (with odd weight) exist when n = 4. Thus the bendability
of q(x) = x1x2 + x3 is 4 for n = 4.
It is worth searching for 2 (or 4)-almost q-bent functions for even n > 4.
Theorem 4.4. Let n ≥ 3 be an odd integer and q ∈ Bn be a non-affine balanced
function. Write ω = ⌊2n/2⌋, then
(1). no 3-almost q-bent function with even weight exists, if ω ≡ 0 or 3 (mod 4);
(2). no 2-almost q-bent function with even weight exists, if ω ≡ 1 or 2 (mod 4);
(3). no 3-almost q-bent function with odd weight exists, if ω ≡ 1 or 2 (mod 4);
(4). no 2-almost q-bent function with odd weight exists, if ω ≡ 0 or 3 (mod 4).
Proof. (1). Suppose that f is 3-almost q-bent with even weight. If ω ≡ 0 (mod 4)
we find that
{a ∈ Z : 2n/2 − 3 ≤ a ≤ 2n/2 + 3, 4|a} = {ω}.
Lemma 4.2 tells us that |Wq(f)(A)| = ω for all A ∈ GLn ∪ {0}. However, ω <
2n/2, which contradicts the fact that E[Wq(f)(A)
2] = 2n. So no 3-almost q-bent
function exists. The case when ω ≡ 3 (mod 4) can be proved similarly. In this case
|Wq(f)(A)| = ω + 1 for all A ∈ GLn ∪ {0}.
(2). Now we suppose ω ≡ 2 (mod 4) and get
{a ∈ Z : 2n/2 − 2 ≤ a ≤ 2n/2 + 2, 4|a} = {ω + 2}.
Since ω + 2 > 2n/2, as above no 2-almost q-bent functions exist. The case when
ω ≡ 1 (mod 4) can be proved similarly. In this case |Wq(f)(A)| = ω − 1 for all
A ∈ GLn ∪ {0}.
Statements (3) and (4) can be proved similarly.
From the proof of Theorem 4.4, if f is 4-almost q-bent, we see that
|Wq(f)(A)| ∈


{ω, ω + 4}, if ω ≡ 0 (mod 4) ∧ wt(f) is even,
{ω − 3, ω + 1}, if ω ≡ 3 (mod 4) ∧ wt(f) is even,
{ω − 3, ω + 1}, if ω ≡ 1 (mod 4) ∧ wt(f) is odd,
{ω, ω + 4}, if ω ≡ 2 (mod 4) ∧ wt(f) is odd.
If f is 3-almost q-bent, we see that
|Wq(f)(A)| ∈


{ω − 2, ω + 2}, if ω ≡ 0 (mod 4) ∧ wt(f) is odd,
{ω − 1, ω + 3}, if ω ≡ 3 (mod 4) ∧ wt(f) is odd,
{ω − 1, ω + 3}, if ω ≡ 1 (mod 4) ∧ wt(f) is even,
{ω − 2, ω + 2}, if ω ≡ 2 (mod 4) ∧ wt(f) is even.
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Type I (r even) f(x) = Br(x)
Type II (r odd) f(x) = Br−1(x) + xr
Type III (r even) f(x) = Br(x) + xr−1 + xr
Table 1: Classification of quadratic forms over F2
Example 2. Let n = 3 and let q ∈ B3 be a non-affine balanced function. Then q has
degree 2, hence is linearly equivalent to x1x2 + x3 or to x1x2 + x3 + 1. Thus we may
assume q(x) = x1x2 + x3.
1. Let f ∈ B3 with wt(f) = 2. We have |Wq(f)(A)| ∈ {0, 4} for A ∈ GL3 ∪ {0}.
So the q-bendability of f is 3 (in this case ω = ⌊2n/2⌋ = 2). The same holds if
wt(f) = 6 since f is δ-almost q-bent iff f + 1 is.
2. Let f ∈ B3 with wt(f) ∈ {1, 3}. We have |Wq(f)(A)| ∈ {2, 6} for A ∈ GL3∪{0}.
So the q-bendability of f is 4. The same holds if wt(f) ∈ {5, 7} since f is δ-
almost q-bent iff f + 1 is.
3. Let f ∈ B3 with wt(f) = 4. Then f has degree 1 or 2, hence is affine, is linearly
equivalent to x1x2 + x3, or is linearly equivalent to x1x2 + x3 + 1. In the first
case, we have {|Wq(f)(A)| : A ∈ GL3 ∪ {0}} = {0, 4}, so the q-bendability of
f is 3. In the second and third cases {|Wq(f)(A)| : A ∈ GL3 ∪ {0}} = {0, 4, 8},
so the q-bendability of f is 6.
It follows that the bendability of q is 3.
Example 3. Let n ≥ 4 and let q(x) = x1x2 + x3 ∈ Bn. Suppose that f ∈ Bn is a
quadratic form with rank r. For any even m > 0 let
Bm(x1, · · · , xn) = x1x2 + x3x4 + · · ·+ xm−1xm.
Recall that under linear equivalence either f is equivalent to one the three types in
Table 1 (see [7, Thm 6.30]). Furthermore, the imbalance of f is 2n−r/2 if it has Type
I, 0 if it has Type II, and −2n−r/2 if it has Type III.
Thus |Wq(f)(A)| depends only on the rank, dA, of f(x) + qA(x). We have r− 3 ≤
dA ≤ r + 3. If dA is odd, then ||Wq(f)(A)| − 2n/2| = 2n/2, whereas if it is even, then
||Wq(f)(A)| − 2n/2| = 2n−dA/2− 2n/2. The latter number is greater unless dA = n− 1.
Thus the bentness of f is
⌈
2n−d/2 − 2n/2⌉, where d is the least even dA.
Now suppose f(x) = Br−1(x)+xr, where r is odd. Choose A so qA(x) = xr−2xr−1+
xr. Then f(x) + qA(x) = Br−3(x), so f is
⌈
2n−(r−3)/2 − 2n/2⌉-almost q-bent.
On the other hand, suppose r ≥ 4 is even and suppose f(x) = Br(x). Choose A
so qA(x) = xr−1xr + xr−2. Then f(x) + qA(x) = Br−4(x) + xr−3(xr−2 + xr−3). This
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has rank r − 2, so f is ⌈2n−(r−2)/2 − 2n/2⌉-almost q-bent. If r = 2 and f(x) = Br(x),
then f is
⌈
2n−1 − 2n/2⌉-almost q-bent. The same results hold if f has Type III.
It follows that the minimal q-bentness among quadratic Boolean functions f is⌈
2n−(n−2)/2 − 2n/2⌉ = ⌈2n/2⌉ when n is even (with r = n). It is ⌈2(n+3)/2 − 2n/2⌉ =⌈
2n/2(23/2 − 1)⌉ when n is odd (with r = n− 1 or r = n).
Similar analysis can be applied when q has odd rank k > 3. In this case r − k ≤
dA ≤ r + k. Again, the q-bentness of f is determined by the least possible even dA.
We omit the details.
5 Conclusions
We have shown that there are no non-affine Boolean functions, the minimum distance
from which to the functions obtainable from q ∈ Bn (n even, q balanced and not affine)
by a linear change of coordinates can achieve 2n−1 − 2n/2−1. This result answers a
conjecture proposed by Klapper [5]. That is to say, q-bent functions are nothing but
the bent functions when q is linear.
We also have given a new family of functions named δ-almost q-bent functions.
We have illustrated 3-almost and 4-almost q-bent functions for n = 3 and 4-almost
q-bent functions for n = 4 with some examples. Such functions are the almost q-bent
functions of least δ. however, we cannot give an example of 2-almost q-bent functions
for even n. We leave it open. We note that if f is 2-almost q-bent for even n, then
|Wq(f)(A)| ∈ {2n/2 − 2, 2n/2 + 2}. It is also interesting to search for δ-almost q-bent
functions of least δ for n > 4.
As mentioned in our earlier paper [6], there is a coding theoretic interpretation
of our main result. We can interpret a Boolean function f ∈ Bn as a vector of
dimension 2n, indexed by Vn. Then distance between functions corresponds to Ham-
ming distance. For fixed a non-affine q ∈ Bn, we can consider the nonlinear code
Cq = {qA : A ∈ GLn∪{0}}∪{1+ qA : A ∈ GLn∪{0}}. Then the fact that no f ∈ Bn
is q-bent implies that for some A ∈ GLn ∪ {0} we have dist(f, qA) < 2n−1 − 2n/2−1.
Equivalently, the covering radius of Cq is less than 2n−1 − 2n/2−1.
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A Example 1 Revisited
In this appendix we give a proof for Example 1.
We write supp(f) = {αi : 1 ≤ i ≤ 6} with
α1 = 1100, α2 = 1011, α3 = 0111, α4 = 0011, α5 = 1101, α6 = 1110.
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We check that α1 + α2 + α3 = 0000 and α4 + α5 + α6 = 0000. However, in the
set supp(q), we only have 1100 + 1010 + 0110 = 0000 and among vectors left there
are no three vectors such that they are linearly dependent. Similar result holds in
the set V4 \ (supp(q) ∪ {0000}). This means that there are no A ∈ GL4 such that
supp(fA) ⊆ supp(q) or supp(fA) ⊆ V4 \(supp(q)∪{0000}). In other words, we always
have
supp(fA) ∩ supp(q) 6= ∅
and
supp(fA) ∩ V4 \ (supp(q) ∪ {0000})) 6= ∅
for all A ∈ GL4. Hence we get
wt(fA + q) ∈ {4, 6, 8, 10, 12},
from which we derive Wq(f)(A) ∈ {0,±4,±8} for all A ∈ GL4.
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